Abstract. In this paper, we consider several convolution sums, namely, A i (m, n; N ) (i = 1, 2, 3, 4), B j (m, n; N ) (j = 1, 2, 3), and C k (m, n; N ) (k = 1, 2, 3, . . ., 12), and establish certain identities involving their finite products. Then we extend these types of product convolution identities to products involving Faulhaber sums. As an application, an identity involving the Weierstrass ℘-function, its derivative and certain linear combination of Eisenstein series is established.
Introduction
Let σ s (N ) denote the sum of the sth powers of the positive divisors of N , and let σ s (0) = 1 2 ζ(−s), where ζ(s) is the Riemann Zeta-function. In his celebrated paper [12] , Srinivasa Ramanujan considered the sums of the type Using elementary arguments, Ramanujan established nine identities of the convolution sums of type (1) . He also introduced ( [11, pp. 136-162] , [12] ) three interesting Eisenstein series P (q), Q(q) and R(q) defined for |q| < 1 by P (q) = 1 − 24 σ r (k)σ s (n − mk) = Aσ r+s+1 (n) + Bnσ r+s−1 (n) (2) using the theory of modular forms. (2) holds for every n satisfying some suitable congruences for integers m ≥ 2 and r, s = 1 or 3. The coefficients A and B are rational numbers.
In α n q n , |q| < 1 and proved that α n ≡ 0 (mod 3 4 ) for n ≡ 2 (mod 3).
They also established similar congruences for several quotients of Eisenstein series expansions of P (q), Q(q), and R(q).
One of the important motivations in studying these convolution sums is their connection with the Eisenstein series. Their relation can very well be explained by the following two illustrations. Let the full modular group SL(2, Z) be defined by Let H denote the complex upper-half plane, i.e., H := {τ ∈ C : Im τ > 0} .
SL(2,
A meromorphic function f : H → C is said to be weakly modular of weight k for SL(2, Z) if f satisfies the transformation formula
The function f is called a modular form of weight k for SL(2, Z) if (i) f is weakly modular of weight k for SL(2, Z), (ii) f is holomorphic on H, (iii) f is holomorphic at ∞, i.e., f has the Fourier expansion f (q) = ∞ n=0 a n q n with q = e 2πiτ , τ ∈ H.
Let M 2k (SL(2, Z)) denote the set of all modular forms of weight 2k for SL(2, Z).
It is well-known that dim (M 2k ) = k 6 + α 2k ( y denotes the greatest integer ≤ y) with α 2k = 1 if 2k ≡ 2 (mod 12), 0 if 2k ≡ 2 (mod 12).
For any integer k ≥ 1, the normalized Eisenstein series E 2k (τ ) is defined by
where B 2k is the 2k-th Bernoulli number. Note that E 2 = P , E 4 = Q and E 6 = R. We focus our attention to two identities (see [13] , [14] ), namely, 
where τ (n) is the Ramanujan's tau function defined by
The classical way of deriving the identities (3) and (4) is by the theory of modular forms. We observe here that both the Eisenstein series
and E 8 are modular forms of weight 8 and that dim(M 8 ) = 1. This implies that there exists c ∈ C such that E 8 = cQ 2 = cE . By equating the constant terms, we obtain c = 1. Then equating the coefficients of q n (n ∈ N), we indeed obtain the identity in (3).
To prove (4), observe that
We note that dim(M 12 ) = 2 and that the quantities E 12 and ∆ are linearly independent over C. Hence the set {E 12 , ∆} forms a basis for M 12 (SL(2, Z)). Therefore, there exist c, d ∈ C such that R 2 = E 2 6 = cE 12 + d∆. Taking q = 0, we obtain c = 1. Equating the coefficients of q, we get d = − 762048 691 . Now, equating the coefficients of q n (n ∈ N), indeed we obtain the identity in (4) .
Likewise, convolution sums and identities involving them are interesting objects in number theory. They have been studied extensively by several authors (see [1, 3, 5, 9, 10, 14] ).
Inspired by all these works, in this paper, we consider certain convolution sums (involving the generalized divisor functions) of classes, namely, A i (m, n; N ) (i = 1, 2, 3, 4), B j (m, n; N ) (j = 1, 2, 3), and C k (m, n; N ) (k = 1, 2, 3, . . . , 12). Using elementary techniques, the goal is to establish first some product relation identities among these functions A i (m, n; N ), B j (m, n; N ), C k (m, n; N ). As an interesting consequence, we derive that if
then f is a linear combination of Faulhaber sums S 1 (q), S 2 (q), S 3 (q) and S 4 (q) whenever p = 2q + 1 is an odd prime.
Finally, we obtain an identity involving Weierstrass ℘-function and its derivatives along with certain linear combinations of Eisenstein series as an application to this general theory. Before stating the result, we introduce some notations.
For N, m, r, s, d ∈ Z + with d, s > 0 and r ≥ 0, we define below some necessary divisor functions and convolution sums for later use, which also appear in many areas of number theory.
More precisely, we consider 
where α i , β i , γ j , δ j , ω k and ρ k are as in Table 1 . We prove :
Then we have
The paper is organized as follows. In §2, we present some convolution formulas and state some basic comments. In §3, we obtain a generalized result (see Theorem 3.2) of Theorem 1.1 and give an interesting example (Example 3.3). In §4, we give a relation between Faulhaber sums and convolution sums. Finally in §5, as applications, we establish an identity involving Weierstrass ℘-function, its derivatives and linear combinations of certain Eisenstein series, and as a corollary we obtain the q-expansion of certain Eisenstein series. We also prove some congruence relations on the coefficients related to the q-series expansion of − 3℘(
The convolution sums
In this section, we first prove some convolution formulas on m, n for various convolution sums. Then we establish explicit expressions for A i , B i and C i involving Faulhaber sums. Proposition 2.1. Let N be any positive integer. If m, n ∈ N ∪ {0} with 0 ≤ m ≤ n, then we have Table 2 . Convolution formulas for m and n
Convolution sums
Convolution formula
Proof. (Refer to [6] ) Since the proofs are very similar, we prove only
we use induction on m to obtain the general formula for σ 3 (2 m k). If m = 1, then
By expanding m, we obtain
Similarly, we get
Therefore, we observe that
Now we note that
is also defined and found in [6, Theorem 4.11].
Next, consider
s+1 σ s (n/2). Therefore, we get
Then the right-hand side of (6) can be written as
Now if m = 0, then for any positive integer n, Eq. (7) becomes
by using the elementary identity σ 3 (2n) = 9σ 3 (n) − 8σ 3 (n/2). Next we assume 1 ≤ m < n. Then Eq. (7) is enough to calculate. Finally, we consider the case when n = m. Then Eq. (7) becomes
We apply σ 3 (2n) = 9σ 3 (n) − 8σ 3 (n/2) again to the second term in Eq. (9), thereby obtaining
From Eq.(10), our claim follows.
which can be seen in [14, p. 27].
Proof. We observe that
Note that σ * s (N ) := σ * s (N ; 2). This proves the proposition.
To prove Theorem 1.1, we need the following lemma.
Lemma 2.3. Let N be any positive integer. If m, n ∈ N ∪ {0} with 0 ≤ m ≤ n, then we have
C 4 (m, n; N ) = C 5 (m, n; N ) = −C 6 (m, n; N )
C 7 (m, n; N ) = C 8 (m, n; N ) = −C 9 (m, n; N )
C 10 (m, n; N ) = C 11 (m, n; N ) = −C 12 (m, n; N )
In particular, if we let
with p = 2q + 1, where F l (m, n; p) ∈ {A i (m, n; p), B j (m, n; p), C k (m, n; p)} (i = 1, 2, 3, 4, j = 1, 2, 3, k = 1, 4, 7, 10), then we obtain Table 3 . Table 3 . Coefficients of F l (m, n; p) for p = 2q + 1
Proof. Since the proofs are similar, we prove only (a). By the definition of A 1 (m, n; N ) and Proposition 2.1(a), we can obtain
Also, by Proposition 2.2, we can write
Let N = 2q + 1 be an odd prime number. From σ * 5 (N ) = 1 + (2q + 1) 5 and σ * 3 (N ) = 1 + (2q + 1) 3 , we derive that
in Table 3 . Aj (m,n;N )
Ai(m,n;N ) , the factor k m=1 (8 m − 1) gets eliminated, and similarly for B i (m, n; N ). Then there exist constants ω, ζ ∈ Q such that
(c) and (d) follow in a similar way.
Faulhaber sums and convolution sums
Theorem 3.1. Let i, j, m, n ∈ N ∪ {0} and let
with p prime. Then there exists a constant η ∈ Q such that
Proof. First, we claim that
To show this, we consider the elementary identity
is obtained. Continuing with such induction on m ∈ N ∪ {0}, we have the desired claim. Second, we note that
completes the proof.
Theorem 3.2. Let 1 ≤ k, l ≤ n be integers. Then we obtain (11)
Proof. From Theorem 3.1, we can write
Therefore, we have
Example 3.3. We present here an example for Theorem 3.2. Let i = 1, j = 3, j = 5, n = 2, k = 2, and l = 3 in (11). Using Table 4 , we get .
From (12) and (13), it is easy to see that
Remark 3.4. From Table 3 , we observe that we can write in the matrix form 
where
Note that det(A) = 0.
Corollary 3.5. Let p = 2q + 1 be an odd prime number and let L = {A i (m, n; p), B j (m, n; p) with 1 ≤ i ≤ 4 and 1 ≤ j ≤ 3}.
Proof. Follows by Table 3 .
Examples on Faulhabar sums and convolution sums
Let the convolution sums in Table 2 be
Then we find the coefficients a, b, c, d as listed in Table 5-1 and Table 5 -2. 
Convolution sum
Remark 4.1. This remark pertains to the last two quantities appearing in Table  5 -2. More precisely, we can write them as
Adding (14) and (15), we get
and thus
since p is an odd prime number and σ 1,1 (k; 2)σ 1,1 (p−k; 2) = σ 1,1 (p−k; 2)σ 1,1 (p− (p − k); 2), where n = 0. Similarly, from (14) and (15), we also have In Figure 1 , the graphs of the functions (h 1 (X), S 1 (X)) and (h 2 (X), S 2 (X)) are drawn and it is easily seen that h 1 (X) = S 1 (X) and h 2 (X) = S 2 (X) when 2X + 1 is a prime number. Similar result on consecutive integers is in [6, Remark 3.3] .
Applications to Weierstrass ℘-function and some linear combinations of Eisenstein Series
Let Λ τ = Z + τ Z (τ ∈ H, the complex upper-half plane) be a lattice and z ∈ C. The Weierstrass ℘-function relative to Λ τ is defined by the series
and the Eisenstein series of weight 2k for Λ τ with k > 1 is defined by
We use the notations ℘(z) and G 2k instead of ℘(z; Λ τ ) and G 2k (Λ τ ), respectively, when the lattice Λ τ has been fixed. Now, Laurent series for ℘(z) about z = 0 is given by
As is customary, by setting
the algebraic relation between ℘(z) and ℘ (z) is given by the equation
With q = e 2πiτ , the normalized Eisenstein series E 2k (τ ) is given by (see [13, p. 58 
where B 2k denotes the 2k-th Bernoulli number. We define
. The aim of this section is to establish the following:
To prove this theorem, we need the following lemmas.
Lemma 5.2. Let p be a prime number. Then we have
Proof. Let rl = pN and l ≡ 0 (mod p) for some r, l ∈ N and prime p. Since l is not divisible by p, we can write r = pd for some d ∈ N. Therefore, we have
Lemma 5.3. Let N ≥ 2 be an integer and p be a prime. Then we have
Proof. In Lemma 2.3(g), we consider the case when m = 1, n = 0. Then
by Lemma 5.2.
From [7, (5) , (28)], we see that
and . Therefore, we see that
From (19), we observe that
Since σ 1,1 (0; 2) = Corollary follows from the q-expansion of ℘( for any prime number p ≡ −1 (mod 9). Other cases are given in Table 5 . σ 1,1 (n; 2)q n .
Therefore, for sufficiently small |q|, writing the geometric series expansion for − It is easy to check and conclude Theorem 5.6 for each prime p ≡ i (mod 9) (i = 1, . . . , 9) with (i, 9) = 1. However, in our case, if the prime p ≡ 8 (mod 9), then α p ≡ β p (mod 3 4 ) and if the prime p ≡ 2, 5 (mod 9), then α p ≡ β p (mod 3 4 ).
